Abstract In this paper we present a new family of identities for Euler sums and integrals of polylogarithms by using the methods of generating function and integral representations of series. Then we apply it to obtain the closed forms of all quadratic Euler sums of weight equal to ten. Furthermore, we also establish some relations between multiple zeta (star) values and nonlinear Euler sums. As applications of these relations, we give new closed form representations of several cubic Euler sums through single zeta values and linear sums. Finally, with the help of numerical computations of Mathematica or Maple, we evaluate several other Euler sums of weight ten.
Introduction
Let k and n be positive integers. The generalized harmonic numbers are defined by the finite sums When k = 1, then we let H n = H (1) n , which are called the classical harmonic numbers. Letting n tend to infinity in above definition, then the generalized harmonic number H (k) n converges to the Riemann zeta value ζ(k), i.e., the values of the Riemann zeta function ζ(s) (ℜ(s) > 1) at the positive integer arguments:
The classical Euler sum S p,q (also called the linear Euler sum or nested sum of zeta value) is defined by the convergent series (see Berndt [2, 3] )
where p, q are positive integers with q ≥ 2, and w := p + q denotes the weight of linear sums S p,q . Flajolet and Salvy used the harmonic numbers H (k) n to define the generalized Euler sums S S,q , which are defined by ( [12] )
Here S := (s 1 , s 2 , . . . , s r ) (r, s i ∈ N, i = 1, 2, . . . , r) with s 1 ≤ s 2 ≤ . . . ≤ s r and q ≥ 2. The quantity w := s 1 + · · · + s r + q is called the weight and the quantity r is called the degree of the sum. Since repeated summands in partitions are indicated by powers, we denote, for example, the sum S 1 2 2 3 4,q = S 112224,q = ∞ n=1 H 2 n [H (2) n ] 3 H (4) n n q .
When r > 1, then we call the sums S S,q the nonlinear Euler sums. In particular, they are called the quadratic and cubic Euler sums when r = 2 and 3, respectively. Investigation of Euler sums has a long history. Euler's original contribution was a method to reduce linear sums to certain rational linear combinations of products of zeta values. For example, Euler proved that the linear sums S p,q are reducible to zeta values whenever p + q is less than 7 or when p + q is odd and less than 13 . Examples for such evaluations, all due to Euler, are S 1,4 = 3ζ (5) − ζ (2) ζ (3) , S 2,3 = − 9 2 ζ (5) + 3ζ (2) ζ (3) , S 4,2 = 37 12 ζ (6) − ζ 2 (3) , S 3,4 = 18ζ (7) − 10ζ (2) ζ (5) , S 2,5 = 5ζ (2) ζ (5) + 2ζ (3) ζ (4) − 10ζ (7) .
The linear sums S p,q can be evaluated in terms of zeta values in the following cases: p = 1, p = q, p + q odd and p + q = 6 with q ≥ 2 (for more details, see [1, 5, 12] ). For example, a evaluation of Euler sums S p,q of odd weight p + q in terms of zeta values can be accomplished through Theorem 3.1 of [12] . At weight w = 8, it appears that S 2,6 can not be reduced to zeta values and their products, though we have no way of proving that such a reduction cannot exist. We cannot even prove that ζ(3)/π 3 is irrational. I shall take S 2,6 as an irreducible linear sums of weight 8. Then all other linear sums of weight 8 may be reduced to S 2, 6 and zeta values. For example, 5S 2,6 + 2S 3,5 = − 21 4 ζ (8) + 10ζ (3) ζ (5) .
It is proven that the number of irreducible linear sums S p,q of even weight w = 2n is no greater than ⌈n/3⌉ − 1. Upon to weight= 10, we may take the irreducible linear sums to be S 2,6 and S 2,8 . For instance, we have the following relations
Similarly, many values of nonlinear Euler sums S S,q also can be expressed as a rational linear combination of zeta values and linear sums. For example, in 1994, Bailey et al. [1] proved that all Euler sums of the form S 1 p ,q for weights p + q ∈ {3, 4, 5, 6, 7, 9} are reducible to Q-linear combinations of zeta values by using the experimental method. In 1995, Borwein et al. [5] showed that the quadratic sums S 1 2 ,q can reduce to linear sums S 2,q and polynomials in zeta values. In 1998, Flajolet and Salvy [12] used the contour integral representations and residue computation to show that the quadratic sums S p 1 p 2 ,q are reducible to linear sums and zeta values when the weight p 1 + p 2 + q is even and p 1 , p 2 > 1. Moreover, in [23, 25] , we proved that all Euler sums of weight ≤ 8 are reducible to Q-linear combinations of single zeta monomials with the addition of {S 2,6 } for weight 8. For weight 9, all Euler sums of the form S s 1 ···s k ,q with q ∈ {4, 5, 6, 7} are expressible polynomially in terms of zeta values. For weight 1 + p + q = 10, all quadratic sums S 1p,q are reducible to S 2,6 and S 2,8 . Very recently, Wang et al [20] shown that all Euler sums of weight eight are reducible to linear sums, and proved that all Euler sums of weight nine are reducible to zeta values. Some simple examples are as follows
The relationship between the values of the Riemann zeta function and Euler sums has been studied by many authors. Besides the works referred to above, there are many other researches devoted to the Euler sums. For details and historical introductions, please see [1, 5, 9, 12, 13, 17, [21] [22] [23] [24] [25] and references therein. Since the subject of this paper are Euler sums and multiple zeta (star) values. Hence, we now give a brief introductions of the multiple harmonic (star) sums and the multiple zeta (star) values. Let s 1 , . . . , s k be positive integers. The multiple harmonic star sums (MHSS) and multiple harmonic sums (MHS) are defined by ( [18, 25] )
where s j stands for non-zero integer, and
We may compactly indicate the presence of an alternating sign. When sgn(s j ) = −1, by placing a bar over the corresponding integer exponent s j . Thus we write
(−1)
Clearly, the limit cases of alternating multiple harmonic (star) sums give rise to alternating multiple zeta (star) values, for example
In [25] , the author proved the following relations
where s(n, k) and
denote the (unsigned) Stirling number of the first kind and Bell number, respectively. Here Y k (x 1 , x 2 , · · ·) stands for the complete exponential Bell polynomial is defined by (see [16] 
From the definition of the complete exponential Bell polynomial, we deduce that
n , Similarly, using the a bar notation, we also define the generalized alternating Euler sums S S,q byS
Here S := (s 1 , s 2 , . . . , s r ) (r, s i ∈ N, i = 1, 2, . . . , r) with s 1 ≤ s 2 ≤ . . . ≤ s r and q ≥ 1. By using the above notations, the following relations between linear Euler sums and multiple zeta star values are obviously 
for non-zero integers s 1 , . . . , s k , and
for real p ≥ 1 and positive integers s 1 , . . . , s k . A good deal of work on multiple zeta (star) values has focused on the problem of determining when 'complicated' sums can be expressed in terms of 'simpler' sums. Thus, researchers are interested in determining which sums can be expressed in terms of other sums of lesser depth. The MZVs of depth=3 are investigated [8, 12] . In [8] , Borwein and Girgensohn proved that all ζ (s 1 , s 2 , s 3 ) with s 1 + s 2 + s 3 is even or less than or equal to 10 or s 1 + s 2 + s 3 = 12 were reducible to zeta values and double sums. There are many works investigating multiple zeta values, see for example [4, 6, 10, 11, 14, 18, 27, 28] , and references therein.
In this paper, we will establish some explicit relations involving Euler sums, polylogarithms' integrals and multiple zeta (star) values. Then, we use these relations to evaluate several nonlinear Euler sums of weight=10. Finally, we give all numerical values of Euler sums with weight=10. The obtained results agree well with the simulation data, see Table 1 and 2.
Main Results
We will use our equation system to obtain the following explicit evaluations of nonlinear Euler sums of weight equal to ten.
2)
3)
12)
14)
15) 
Main Lemmas and Theorems
In this section, we give the main lemmas and theorems of this paper, and proofs. These lemmas and theorems will be useful in the development of the main results.
whereζ (·) denotes the alternating Riemann zeta function defined bȳ
and is sometimes called the Dirichlet eta function and often designated by η(s). It is known that ζ(s) is an analytic function for ℜ(s) > 0.
Proof. Letting c = 4 and n → ∞ in Theorem 2.3 of reference [18] , by a simple calculation, we may deduce the result.
Lemma 3.4 ( [22] ) For positive integers s and t, then the following relations hold:
where the coefficients A (s,t) j and B
(s,t) j are defined as
Lemma 3.5 ( [24]) For positive integers n, m and real x ∈ [−1, 1), we have
Here Li p (x) denotes the polylogarithm function defined for x ∈ [−1, 1) by 
Proof. These results immediately follows from Theorem 2.1 of [21] or Theorem 2.8 of [22] .
Theorem 3.7 For reals l 1 , l 2 , l 3 > 1 and l 4 > 1, then the following identities hold:
Proof. Similarly as in the proof of Theorem 2.8 of [22] , considering the following generating functions
where x ∈ (−1, 1). Then using the definition of the harmonic numbers, we deduce that
Multiplying above equations by (1 − x) −1 and using the Cauchy product of power series, then comparing the coefficients of x n and letting n tend to infinity, we may easily deduce the desired results. This completes the proof of Theorem 3.7.
Remark 3.1 Based on the results of Theorem 3.7, we conjectured that for any reals k j > 1, the following relation holds
We have been proved that when n ≤ 5, formula (3.9) is true. It is clear that (3.7) and (3.8) are immediate corollaries of (3.9).
Theorem 3.8 For positive integers m, p and real a, b, x with the conditions |a| = |b| > 1 and |x| < |a| −1 or |b| −1 , we have
10)
where the notation H (p) n (a) is defined by the finite sums
n reduce to the harmonic numbers.
Proof. Applying the definition of polylogarithm function Li p (x) and using the Cauchy product of power series, we can find that
n (a) t n , t ∈ (−1, 1) .
Then using above identity it is easily see that
Then with the help of formula (3.6) and the elementary transform
by a direct calculation, we may deduce the result.
Theorem 3.9 For positive integers m, p and real a, b, x with the conditions |a| = |b| > 1 and |x| < |a| −1 or |b| −1 , then the following identity holds
where Li p,m (x, y) is defined by the double sum
Of course, if s > 1, then we can allow |xy| = 1.
Proof. Replacing x by t in (3.10), then dividing it by t and integrating over the interval (0, x) with the help of formulae (3.6) and
by a simple calculation, we have the result.
Theorem 3.10 For any non-negative integers b and n, then
where
Proof. Letting m = 0, b = 4, c = 2, a = 0 in (3.4) and p → ∞, we obtain (3.12). Taking a = 0 in (3.1) and using the well-known fact
the result is formula (3.13). From Lemma 3.2 and Theorem 3.10, we know that for integer b ≥ 0, then the MZVs ζ (4, {2} b ) and MZSVs ζ ⋆ ({2} b , 4) are reducible to linear sums. For example, from (3.2), (3.12) and (3.13), we get
On the other hand, from [12] , we deduce that
Hence, from formulas (3.17) and (3.19), we obtain the following relation
Corollary 3.11 For positive integers m > 1 and p > 1, we have
Proof. Letting a, b, x → 1 in (3.11) we obtain the result.
Proofs of identities (2.1)-(2.8)
In this section we prove that equations (2.1)-(2.8) hold by using the methods of integrals of polylogarithms and above lemmas and theorems. We begin with some well-known identities. In [23] , we shown that for weight 1 + p + q = 10, all quadratic sums S 1p,q are reducible to S 2,6 and S 2,8 . The explicit formulas are as follows
From lemma 3.6 and theorem 3.7, the following identities are easily derived
Taking m = 3, p = 5 in (3.20) yields
From formula (3.1) in the reference [23] , letting s = t = 2, r = 5, we obtain 8S = − 6301 120 ζ (10) + 39ζ
Next, we consider the following two integrals of polylogarithms
On the one hand, setting s = t = 3 in (3.5) we deduce that
(4.14)
Multiplying (4.14) by Li 2 (x) x and integrating over (0, x) with the help of formula (3.6). The result is
Hence, by a direct calculation, we have
On the other hand, multiplying (4.14) by Li 3 (x) x and integrating over (0, 1), we obtain
The relations (4.16) and (4.17) yield the formula (2.2). Similarly, letting (s, t) = (2, 2) and (2, 4) in (3.5) we can find that
Dividing (3.6) by x and integrating over the interval (0, 1), by a simple calculation, we arrive at the conclusion that
Therefore, combining related equations, we can obtain the formulas (2.10) and (2.11). In fact, by using the MZV-interface http://wayback.cecm.sfu.ca/cgi-bin/EZFace/zetaform.cgi we can find the relation ζ(8, 2) + 8ζ(9, 1) = 3 1024 1392ζ 2 (5) + 2768ζ(3)ζ(7) − 4839ζ(10) − 376ζ (8, 2) .
Hence, by the definitions of mzvs and Euler sums, we havē
Thus, using the experimental evaluation (5.5), then the identities (2.9)-(2.11) can be rewritten as
It should be emphasized that the result (5.4) are not established in any rigorous mathematical sense. However, we can find that the error of (5.4) is better than 10 48 by using EZ Face. Hence, we believe that it is correct.
Proofs of identities (2.12)-(2.17)
To prove the identities (2.12)-(2.17), we need the following two lemmas.
Here s (n, k) denotes the (unsigned) Stirling number of the first kind (see [16] ), and we have
n−1 .
Noticing that Borwein, Bradley and Broadhurst [6] proved the following duality relation
Hence, taking m = 3 in Lemma 6.2, we obtain
From [25] , we can deduce the following results
Thus, letting (r, p) = (2, 5), (3, 4) , (4, 3), (5, 2) and (6, 1) in (6.4), we have
8)
Taking p = 3, m = 5 in Lemma 6.1 and using the duality relation (6.3), then From [25] we can get
Thus, we obtain 
Combining related equation, we deduce that Putting k = 4, n = 5 in (7.5) we obtain ζ ⋆ (5, {1} 5 ) + ζ ⋆ (6, {1} 4 ) =4ζ (6, {1} 4 ) − 5ζ (7, {1} 3 ) + ζ (4) ζ (6) − ζ (3) ζ (6, 1) + ζ (2) ζ (6, 1, 1) + ζ 2 (5) − ζ (4) ζ (5, 1) Moreover, we use Mathematica tool to check numerically each of the specific identities listed.
The numerical values of nonlinear Euler sums of weights 10, to 30 decimal digits, see Table 2 . Finally, we close this paper with two conjectures. can be expressed in terms of non-alternating double zeta values.
In this paper, we can prove that if m = 1, 2, 3, the Conjecture 7.2 are correct. We obtain the following three closed form evaluations The experimental evaluation (5.5) further confirm that the Conjecture 7.2 is correct when m = 4.
